The problem of motion planning in three dimensions for n tethered robots is considered. Motivation for this problem comes from the need to coordinate the motion of a group of tethered underwater vehicles. The motion plan must be such that it can be executed without the robots' tethers becoming tangled. The simultaneous-motion plan is generated in three steps. First an ordering of the robots is produced that maximizes the number of robots that can move along straight lines to their targets. Then paths for the robots are computed assuming they move sequentially in the given order. Two methods of computing the sequential-motion plan for the robots are presented. The rst method is computationally simple but guarantees no bound on the path length with respect to the optimal length; the second method guarantees nearly optimal paths for the given ordering. Finally, trajectories are determined that allow the robots to move simultaneously. The motion plan generated is guaranteed not to result in tangled tethers. The algorithms for these three steps can be shown to run in time O(n 4 ) in total in the worst case.
Introduction
Considered in this paper is the problem of motion planning for multiple robots in three dimensions. This problem is motivated by an application in underwater robotics. In this setting, the robots move in their three-dimensional environment to explore, inspect, or recover objects on the ocean oor. Each robot is attached by a cable (or tether) to a ship or platform on the surface of the ocean. The cables are used to transmit power or data to or from the robots. When planning motion for these robots it is important to make sure that the tethers do not This work is supported in part by the National Science Foundation Grant IRI-9220782 and the Sea Grant Program (U.S. Dept. of Commerce, grant NA46RG048). become intertwined or tangled. A tangle is a bend in a cable caused by the presence of some other cable. With the goal in mind of avoiding tangles altogether, we model the cables as straight line segments in R 3 .
The problem is formulated as follows. Each robot R i ; i = 1; : : : ; n; is initially located at a unique starting points S i and is assigned a unique target point T i . The goal is to generate a motion plan for the robots that assures that each reaches its target point without producing a tangle. Such a motion plan is said to be tangle-free. We present a polynomial-time procedure for computing a plan that allows simultaneous motion for the robots, guarantees optimal path lengths in some cases, and in all cases will be tangle-free.
Ideally, the simultaneous-motion plan would be optimal in all cases. However, previous work on the complexity of motion planning for multiple robots and for a single robot in the presence of moving obstacles suggests that any complete algorithm for simultaneously computing paths, optimal or not, of multiple independently moving objects will necessarily be exponential in the number of moving objects 3, 10, 14, 16, 17] .
To arrive at a more e cient algorithm, the problem of planning simultaneous motion for a set of robots can be addressed as a three-step process: First, choose an ordering for the robots; second, plan paths for the robots assuming they move sequentially in the chosen order; nally, compute trajectories (i.e., paths plus time pro les of motion) of the robots that assure the robots will not interfere with each other when moving simultaneously. This is a standard approach taken in several previous works in motion planning for multiple robots 2, 7, 9, 11] and is the approach adopted here.
The method of ordering or assigning priorities to the robots depends on the overall goal of the motion plan. For the problem considered here, an ordering is computed that allows as many robots as possible to move along straight lines from their starting points to their target points.
Given an ordering, a path for each robot in R 3 from its starting point to its target point that avoids the other robots' cables must then be computed, assuming the robots move in sequence. Ideally, each robot's path would be a tangle-free path of minimum length. However, the problem of computing the shortest path between two points in three dimensions in the presence of general polyhedral obstacles is known to be computationally di cult 1, 4] . Polynomial-time approximation algorithms for this problem have been presented elsewhere in the literature 5, 6, 13] .
Two methods of constructing the robots' path are presented here. The rst method has the advantage of being conceptually and computationally simple but the disadvantage that the paths generated may be far from optimal; the second method requires more computation time but, through the use of one of the existing polynomial-time approximation algorithms 5, 6, 13] , is guaranteed to nd a path for each robot that is of length at most (1+ ) times the length of the shortest path possible assuming the robots move in sequence, for any positive real value . Both methods assure that, when possible, a robot's path will be the globally optimal straight-line path.
Once their paths have been computed, it is not necessary for the robots to move in sequence. As long as they do not interfere with each other as they move, which, in this case, means they do not produce a tangle in the tethers, they are free to move at the same time. The problem of computing trajectories in multiple-robot environments has been studied in several previous works 11, 12, 15] , but in these cases interference is de ned in terms of collision of the robots; the presence of the tethers changes the problem signi cantly.
Our goal, therefore, is threefold: 1) Find an order in which to plan the robots' paths that allows for e cient motion; 2) Construct a set of paths for sequential motion of the robots such that each robot's path is a nearly optimal tangle-free path; 3) Compute tangle-free simultaneous-motion trajectories for the robots. These subproblems are addressed in Sections 3.1, 3.2, and 3.3, respectively. The problem model is de ned formally in Section 2, and the algorithms presented in Section 3 are analyzed in Section 4. Concluding remarks follow in Section 5. Details have been omitted due to space limitations; interested readers are referred to 8]. 
Problem Model
There are n point robots R i ; i = 1; : : : ; n moving in three dimensions in an environment delimited by two nonintersecting two-dimensional surfaces.
In what follows, these surfaces are assumed to be planes and are referred to as P u (the upper plane) and P l (the lower plane). The generalization to arbitrary two-dimensional surfaces is discussed in 8].
Each robot R i has a cable attached to it which is, in turn, attached at a point A i to the plane P u . Associated with each robot are a starting point S i and a target point T i , which both lie in the plane P l (Figure 1 ). The goal is to construct a piecewise linear (or polyline) path P i for each robot R i that connects S i and T i and a trajectory such that the motion of R i does not produce a tangle in the cables. A trajectory is a path plus time pro le of motion. A tangle is de ned as a con guration of the cables in which at least two cables are bent around each other. A path or trajectory that a robot can follow without producing a tangle is called tanglefree. A path is not tangle-free even if it results in a tangle that is only temporary (i.e., one that will be eliminated by movement of other robots).
Note that, since the robots move in three dimensions, the path P i need not be completely contained in the plane P l , although it must start and end there. Given P i , the piecewise planar cable surface CS i for robot R i can be constructed by simply connecting each vertex of P i to the point A i (Figure 2) . This is the surface swept out by the cable as R i moves along P i . These surfaces are used below to determine the simultaneous-motion plan for the robots. An untangled con guration of cables may be represented simply as a set of n straight line segments in three dimensions; the individual line segments 3 Motion Planning Algorithm
Ordering Algorithm
The most e cient motion strategy for the robots would be one in which each robot R i moved along its base line from S i to T i . This is not always possible; if there are intersections among the cable triangles, a tangle may result. Note, however, that this is not always so; in some cases in which there are cable-triangle intersections, each robot can move sequentially along its base line without producing a tangle, as long as the robots move in a certain order. By examining the intersections between cable triangles, an ordering of the robots can be produced that maximizes the number of robots for which the base lines are tangle-free paths. Thus, if there is an ordering in which all base-line paths are tangle-free, such an ordering will be produced. Details of this algorithm are omitted due to space limitations.
Sequential Motion Plan
Two methods of computing the motion plan for the robots, assuming they move in sequence, are discussed in this section: the Convex Hull Method and the Cable Shadow Method. Neither method requires any particular ordering of the robots. Both methods guarantee that the paths generated are tangle-free and that if it is possible for robot R i to move along its base line, this is the path that will be computed. Assume in what follows, that when the path of robot R i is being computed, cable lines CL 1 ; : : : ; CL n are (A 1 T 1 ; A 2 T 2 ; : : : A i S i ; A i+1 S i+1 ; : : : A n S n ). Proofs and details of the algorithms have been omitted due to space limitations. T2   S3   A4   S4  T3 T1  T3'   A3  A1  A2   T2   S3   I1   I2   I4   A4   P3   S4  T3 T1   S3'   T3' I2' For clarity, the side projection P 0 3 of P 3 in a plane P s perpendicular to P l is also shown. (b) The path P 3 = S 3 ; a; T 3 , where a lies on A 4 S 4 , is also tanglefree but is shorter than the path show in (a).
The Convex Hull Method. If a robot's path does not cause its cable to come in contact with another cable, the cables will obviously not become tangled. With this in mind, the following simple method of computing each robot's path, illustrated in Figure 5 , is proposed. To compute the path for R i , rst, compute the intersections between i and cable lines CL j ; j 6 = i. Path P i is the convex hull of the intersection points and the points S i and T i .
The path computed in this manner is the shortest tangle-free path that lies in the cable triangle i . If there are no intersections between i and the other robots' cable lines, then P i is, as desired, the optimal straight-line path S i T i . However, in general, the path computed may be far from optimal, since it is restricted to lie in i ( Figure 5(b) ).
The Cable Shadow Method. To compute a nearly optimal path for each robot, we rely on existing polynomial-time approximation algorithms for constructing a path between a starting point and a target point in R 3 that avoids a given set of polyhedral obstacles 5, 6, 13]. Each of these algorithms produces a path that is guaranteed to be no longer than (1 + ) times the length of the optimal path and runs in time polynomial in both the problem size and 1= . Any of these algorithms may be used to compute the path of each robot for the problem considered here, provided that an appropriate set of obstacles is given as input to the algorithm.
The goal, therefore, is to construct a set of polyhedral obstacles that will be used as input to one of these algorithms and which, if avoided, will assure that when the robots move along their computed paths, no tangles will be produced. The obstacles are virtual obstacles without any physical counterparts in the environment. Theorem 3.1 indicates that for each robot R i , these virtual obstacles are constructed from the set of cable shadows CSh ij ; j = 1; : : : ; n, j 6 = i. These obstacles are simple planar surfaces, i.e., degenerate polyhedra. Theorem 3.1 When the robots move sequentially, a tangle will be produced if and only if some robot R i moves through a cable shadow CSh ij for some j 6 = i.
It is not generally su cient to provide just the n ? 1 cable shadows as input to a path-planning algorithm to build the path for a single robot. The path computed will generally consist of a sequence of points S i = z 0 ; z 1 ; z 2 ; : : : ; z p = T i such that z k and z k+1 , k odd, k 6 = p ? 1, both lie on the same obstacle edge. In the path-planning algorithms it is assumed that it is always possible for a robot to move from any point on an obstacle edge to any other point on that same edge without encountering another obstacle. The obstacle edges in this case are the cable lines CL j ; j 6 = i, and if a cable line CL j pierces a cable shadow CSh ik ; k 6 = i; j, this is not always the case. Thus, for each cable line CL j that pierces a cable shadow CSh ik ; k 6 = i; j, the shadow CSh ij is split into two virtual obstacles along the line of intersection with CSh ik (Figure 4 ). This results in at most O(n 2 ) virtual obstacles. To assure that the computed path for the robot R i does not dictate that it move below the plane P l , a physical impossibility, one other virtual obstacle, O i , is computed. This obstacle is the convex hull of the points S i and T i and the points in T j for j < i and S j , for j > i, which are the locations of the other robots R j ; j 6 = i. Given the virtual obstacles and the points S i and T i , any of the approximation algorithms presented in 5, 6, 13] will T1   A2  A1  A3  CS2   L   T2  S2  S3  S1  T3   P2   CS1  P1 P l Figure 6 : The cable surfaces CS 1 and CS 2 intersect along line segment L. The projections of paths P 1 and P 2 onto P l are shown for clarity.
produce a tangle-free polygonal path P i for R i that is of length at most (1 + ) times the length of the optimal tangle-free path.
Simultaneous Motion Plan
Once the polyline paths for the robots have been computed, we wish to determine when and if it is possible for the robots to move simultaneously along their computed paths. Simultaneous motion is possible if the robots do not interfere with each other as they move. Note that the de nition of interference here incorporates the restriction that the robots' paths be tangle-free. We show here that there is a potential for interference only if two cable surfaces intersect. An algorithm for generating a simultaneous-motion plan that avoids these potential interferences is then discussed.
Recall that cable surface CS i for robot R i is computed by simply connecting each vertex of the path P i to the point A i (Figure 2 ). This is the surface swept out by cable line CL i as R i moves along P i . Assume, for ease of explanation, that the cable surfaces are not self-intersecting. The results presented, with some minor modi cations, generalize to the case when there are self-intersections.
Lemma 3.1 If cable surface CS i does not intersect any other cable surface CS j ; j 6 = i, the path P i is tangle-free when the robots move simultaneously.
This lemma suggests a method for assuring that all paths are tangle-free when the robots move simultaneously. Consider two cable surfaces CS i and CS j that do intersect ( Figure 6 ). The cable surfaces are piecewise planar, so the intersection between two such surfaces is a set of polylines. For each polyline L, there is a portion of each of P i and P j that corresponds to it. These are the portions of the paths along which the corresponding robot will be traveling when its cable line intersects L. To ensure that pairs of mutually restricted path segments are traversed during nonoverlapping time intervals, the starting times of some of the robots are delayed by introducing waiting times. These waiting times are computed by rst assigning priorities to the robots, then determining how long it takes each robot to reach and move through its restricted path segments. Robots with lower priority are delayed to ensure that they will not reach a mutually restricted path segment until the robot with higher priority has exited the corresponding restricted path segment.
This simultaneous-motion plan will not, in general, be optimal either in terms of the time taken or the length of the paths. By the time a robot begins to move, a cable line its path was constructed to avoid may not be at the location assumed when the path was computed. But nding paths that take into account the location of all the cable lines at all times would, as mentioned previously, probably require exponential time.
The motion plan is guaranteed to be tangle-free and in general results in shorter total time than a plan that requires the robots to move in sequence. The actual decrease in time depends on the nature of the particular problem instance. At the least, the robots will be able to move simultaneously for a time proportional to the shortest distance to the rst restricted path segment. Thus, if all the restricted path segments begin relatively far from the starting points, the robots can move simultaneously for a signi cant portion of the time and a signi cant savings will result. Another consideration is the relative distances to and lengths of mutually restricted path segments. Delays occur only if the time intervals when the robots would be in mutually restricted path segments overlap, so if the distances to corresponding path segments are roughly the same along the two paths, there is a higher potential for delay. Also, the delay time is a function of the length of time the robot with higher priority will be in its restricted path segment. So if the restricted path segment of the higher priority robot is the longer of two mutually restricted path segments, there is again a higher potential for delay. This consideration could be taken into account when producing the priority ordering of the robots, by giving robots with shorter restricted path segments priority over those with longer ones.
Complexity
The procedure for producing an ordering of the robots that maximizes the number of tangle-free base-line paths can be shown to require O(n 2 ) time in the worst case. Computing paths using the Convex Hull Method requires O(n 2 log n) time in total, while constructing the cable shadow objects for all robots requires O(n 3 ) time. Finally, the procedure that determines the simultaneous-motion plan for the robots, given the sequential-motion plan, can be shown to require O(n 4 ) time.
Thus, in the worst case, O(n 4 ) time is required by the procedures presented here to compute the simultaneous-motion plan no matter which method is used to compute the robots' paths. The difference lies in the need for using an extra procedure to compute the paths for the Cable Shadow Method. Any approximation algorithm employed for this purpose requires more than O(n 4 ) time 5, 6, 13].
Conclusion
Algorithms have been presented for computing a motion plan for a set of n tethered autonomous robots moving between given starting and target points in a three-dimensional environment. Two methods of computing the paths of the robots have been presented. Both methods guarantee that, whether the robots move sequentially or simultaneously, (a) the robots' tethers will not become bent or tangled, and (b) when possible, the robots will move along their optimal straight-line paths. Further, it is shown that when the paths are computed using the second, more computationally expensive method, the paths are of nearly optimal length for sequential motion. The algorithms are shown to run in O(n 4 ) time in the worst case.
